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Cigltal Figes CHEGIRMALAR SINFLARI. EYLER VA FERMA TEOREMALARI
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Ibrohimov Javohir Bahrom o‘g‘li .
O‘zbekiston Milliy universiteti Jizzax filiali assistenti.

Ergashova Dilshoda, Aliasqarova
Nodirabegim, Mavlonova Sevara

w:

O‘zbekiston Milliy universiteti Jizzax filiali Amaliy matematika talabalari.

Annotatsiya

Ushbu maqolada modulli arifmetika tushunchalarining asosiy tamoyillari bayon etilgan. Xususan, m
modul bo‘yicha chegirmalar sinflari, ularning to‘la va keltirilgan sistemalari, Eyler va Ferma
teoremalari, shuningdek modulli ko‘paytirish va qo‘shish amallarining algebraik xususiyatlari
yoritiladi. Chegirmalarning uchta turi — eng kichik manfiy bo‘lmagan, eng kichik manfiy va absolyut
giymati eng kichik sistemalari misollar orqali tushuntiriladi. Keltirilgan sistemaning Eyler funksiyasi
bilan bogligligi va multiplikativ gruppa hosil qilishi ko‘rsatiladi. Maqolada, shuningdek,
taqqoslamalarni yechish bo‘yicha turli misollar, murakkab sonlar uchun psevdotub sonlar xossalari
va Eyler teoremasining qo‘llanishi namoyish etilgan. Berilgan misollar yordamida modulli
arifmetikaning amaliy qo‘llanishlari oson tushunarli tarzda ochib berilgan.

Annotation

This article outlines the basic principles of modular arithmetic concepts. In particular, the classes of
deductions on module m, their full and quoted systems, Euler and farm theorems, as well as the
algebraic properties of modular multiplication and addition actions are illuminated. Three types of
deductions — the smallest non-negative, the smallest negative, and the smallest systems of absolute
value-are explained by examples.his article outlines the basic principles of modular arithmetic
concepts. In particular, the classes of deductions on module m, their full and quoted systems, Euler
and farm theorems, as well as the algebraic properties of modular multiplication and addition actions
are illuminated. Three types of deductions — the smallest non-negative, the smallest negative, and
the smallest systems of absolute value-are explained by examples. The connection of the given system
with the Euler function and the formation of a multiplicative group are shown. The paper also
demonstrated various examples of solving comparisons, the pseudotube number property for
complex numbers, and the application of Euler's theorem. With the help of the given examples, the
practical applications of modular arithmetic are revealed in an easy-to-understand way.

AHHOTaUMsI

B 3TO# cTaThbe U3/1araloTCcsl OCHOBHbIE IPUHIUIBI TOHSATHH MOAYJIbHOW apudMeTHKHU. B yacTHOCTH,
OylyT pacCMOTpPEHbI KJAcChl BbIYETOB MO MOAYJH M, UX NOJIHble U NMpPUBEJIEHHbIE CUCTEMBI,
TeopeMbl Jilziepa U depMa, a TakKe a/rebparnyecKre CBOMCTBA oNepalii YMHOXKEHHUS U CJI0XKEHUS
no moayJsw. Tpu TuUma [AUCKOHTHPOBAHWSI — HAaWMeHbIlash HEOTpHULATe/bHAas, HAaWUMEHbIIAs
OTpUlIaTeJbHAasi U HaUMeHbIllas CUCTEMbl abCOJIOTHOTO 3HAUYEHUS-OOBSCHAITCA Ha MPUMEpPax.
3TOM CTaThe U3JIaraloTCs OCHOBHbIE MPUHLMIBI MOHATUN MOAYJIbHON apudMeTUKU. B yacTHOCTH,
OyyT pPacCMOTPEHBbI KJAcChl BBIYETOB IO MOJYJK M, MX NOJHble U NPUBEJEHHBbIE CHUCTEMBI,
TeopeMbl isiepa U depMa, a TaK¥Ke aJirebpandecKre CBOMCTBA Ollepalli YMHOXKEHHUS U CJI0KEHUS
no moayJaw. Tpu TuUma JAUCKOHTUPOBAHUS — HaUMeEHblIass HeOTpULlaTesJbHas, HauMeHbIlas
OTpULIaTeJbHAasi U HaWUMeHbIllasi CUCTEMbI abCOJIOTHOTO 3HAUYEHUS-OOBSCHSAITCA Ha MPUMEpax.
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[lokazaHo, 4YTO mNpeACTaBJeHHas CHCTeMa CBsi3aHa ¢ JyHKUMed DJilsiepa U o6pasyeT
MYJIbTUIJIMKaTUBHYIO TpyIIy. B cTaTbe Takke NpejcTaB/eHbl pasjdyHble NPUMeEPHl pellleHUs
CpaBHEHHUH, CBOMCTBA MCEBAOTPYOHBIX YMCEJ [/ KOMIJIEKCHBIX YMCeJ U NPUMEHeHHEe TeopeMbl
Jisepa. Ha npuBeieHHBIX PHUMepax JIETKO /IJ1s1 HIOHUMaHUs pacKpbIThI IPaKTUYECKHe TPUMEHeHUs
MOAYJIbHOW apuMeTHKHU.

Modulli arifmetika, chegirmalar sinfi, to‘la sistema, keltirilgan sistema Eyler funksiyasi, Eyler teoremasi,

Ferma teoremasi, multiplikativ gruppa.

Modular arithmetic, residue class, complete system, reduced system Euler function, Euler's theorem,

Fermat's theorem, multiplicative group.
KiloueBble cj10Ba:
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m natural songa bo’linganida bir xil
r goldiq goladigan barcha butun sonlar
to’plami m modul bo’yicha sonlar sinfini
tashkil giladi. Bu sinfning har bir soni
umumiy holda mk+r, keZ ko'rinishda
yoziladi. Barcha sinflar soni m ga teng.

Sinfning ixtiyoriy soni m modul
bo’yicha chegirma deyiladi (shu sinfning
boshga sonlariga nisbatan).

Har bir sinfdan ixtiyoriy ravishda
bittadan olingan sonlar to’plami berilgan
m modul bo’yicha chegirmalarning to’la
sinfi deyiladi.

Odatda chegirmalarning to’la sinfi
sifatida berilgan m bo’yicha eng kichik
manfiy bo'lmagan chegirmalar, ya'ni 0, 1,
2,..., m - 1 sistema olinadi.

Ba'zan berilgan m modul bo’yicha
chegirmalardan absolyut qiymati
bo’yicha eng kichik musbat bo’lmagan
chegirmalarning to’la sistemasi ham
qaraladi: -(m-1), -(m-2),.., -2, -1, 0. m
modul bo'yicha absolyut qiymati

jihatidan eng kichik chegirmalarning
to’la sinfi ham ishlatiladi. Masalan, m =7
bo’lganda bu sistema -3, -2, -1, 0, 1, 2, 3
chegirmalardan iborat bo’ladi; m = 8
bo’lganda esa-3,-2,-1,0,1, 2, 3,4 yoki -
4, -3, -2, -1, 0, 1, 2, 3 chegirmalardan
tashkil topadi.

Chegirmalarning to’'la
sistemasidan olingan va m modul bilan
o’zaro tub bo’lgan chegirmalar m modul
bo'yicha chegirmalarning keltirilgan
sistemasi deyiladi. Kelitirilgan sistemada
chegirmalar soni @(m)- Eyler
funksiyasining qiymatiga teng.

Chegirmalarning to’la
sistemasidagi kabi keltirilgan
sistemaning ham uch turi ishlatiladi: eng
kichik musbat chegirmalarning
keltirilgan sistemasi, absolyut qiymati
bo’yicha eng kichik manfiy
chegirmalarning keltirilgan sistemasi va
absolyut qiymati bo’yicha eng kichik
chegirmalarning keltirilgan sistemasi.
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X1, X2,..., Xs butun sonlar sistemasi s
=mvai #jdax;=x;(mod m) bo’lganda va
fagat shu holda m modul bo’yicha
chegirmalarning to’la  sistemasidan
iborat bo’ladi. (a, m) =1 bo’lganda ax + b
chizigli formaning giymatlari m modul
bo’yicha chegirmalarning to’la
sistemasidan iborat bo’lishi uchun x
gabul qiladigan qgiymatlar  ham
chegirmalarning to’la  sistemasidan
iborat bo’lishi zarur va yetarlidir.

X1, X2,..., Xs butun sonlar sistemasi s
=@(m)vai=j (x, m) =1 da xi=x;(mod
m) bo’lganda va faqat shu holda m modul

bo’yicha chegirmalarning Kkeltirilgan
sistemasidan iborat bo’ladi. (a, m) =1
bo’lganda ax chizigli formaning
giymatlari m modul  bo’yicha

chegirmalarning keltirilgan sistemasidan
iborat bo’lishi uchun x gabul qiladigan
giymatlar ham chegirmalarning
keltirilgan sistemasidan iborat bo’lishi
zarur va yetarlidir.

m > 1 va (a, m) = 1 bo’lganda
quyidagi tagqoslama o’rinli:

a?m =1 (mod m),
bu yerda ¢(m) -Eyler funksiyasi (Eyler
teoremasi).
p tubsonva (a, p) = 1 bo’lganda quyidagi
tagqoslama o’rinli:

a1 =1 (mod p) (Ferma teoremasi).

a butun sonni o’zida saglaydigan m
bo’yicha chegirmalar sinfini a mod m
bilan belgilaymiz. Demak,

amodm=a+mZ={a+km|k eZ).

Z/mZ bilan m modul bo’yicha
barcha chegirmalar sinflari to’plamini
belgilaymiz:

Z/mZ = {0 mod m, 1 mod m,..., (m-1) mod
mj}.
Bu to’plamda qo’shish va ko’paytirish
amallarini quyidagi tengliklar orqali
kiritiladi:
amodm+ b modm = (a+b) mod m,
(a mod m) - (b mod m) = ab mod m.

2025-yil noyabr 5-son

(Z/mZ, +) - abel gruppasidan,
hamda Z gruppaning mZ gism gruppa
bo’yicha faktor gruppasidan iborat bo’lib,
m modul bo’yicha chegirmalar sinfining
additiv gruppasi deyiladi.

(Z/mZ, +, -) - birlik elementli
kommutativ xalqadan iborat bo’lib, m
modul bo’yicha chegirmalar sinfinig
xalqasi deyiladi.

Agar (a, m) = 1 bo’lsa, a mod m sinf m
modul bilan o’zaro tub bo’lgan
chegirmalar sinfi deyiladi.

m modul bilan o’zaro tub bo’lgan
chegirmalar sinflari to’plami
ko’'paytirishga nisbatan abel gruppasi
tashkil etadi va u m modul bilan o’zaro
tub bo’lgan chegirmalar sinflarining
multiplikativ gruppasi deyiladi.

Agar ab = 1 (mod m) bo’lsa, a
chegirma b chegirmaga m modul bo’yicha
teskari deyiladi.
1-Misol. 10 modul bo’yicha chegirmalar
to’la sistemasining uchta turini yozing.

Yechilishi. 0, 1, 2, 3, 4,5,6,7,8,9 -
10 modul bo’yicha eng kichik manfiy

bo’lmagan chegirmalarning to’la
sistemasi.
-9,-8,-7,-6,-5,-4,-3,-2,-1,0 - 10
modul bo'yicha absolyut qiymati
jihatidan eng  kichik  manfiy

chegirmalarning to’la sistemasi.

-4,-3,-2,-1,0,1, 2, 3,4,5 yoki -5, -
4, -3,-2,-1,0, 1, 2, 3, 4 - 10 modul
bo’'yicha absolyut giymati jihatidan eng
kichik chegirmalarning to’la sistemasi.
2-Misol. 10 modul bo’yicha
chegirmalarning keltirilgan
sistemasining uchta turini yozing.

Yechilishi. 1, 3, 7, 9 - 10 modul
bo’'yicha eng kichik manfiy bo’lmagan
chegirmalarning keltirilgan sistemasi.

-9, -7, -3, -1 - 10 modul bo’yicha

absolyut giymati jihatidan eng kichik
manfiy  chegirmalarning  keltirilgan
sistemasi.
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-3, -1, 1, 3 chegirmalar 10 modul
bo’yicha absolyut giymati jihatidan eng

kichik  chegirmalarning  Kkeltirilgan
sistemasi.
3-Misol. 20, -4, 22, 18, -1 sonlar

ganday modul bo’yicha chegirmalarning
to’la sistemasini tashkil etadi?

Yechilishi. 5 modul bo’yicha berilgan
sonlar mos ravishda 0, 1, 2, 3, 4 sonlar
bilan taqqoslanadi, shuning  uchun
izlanayotgan modul 5 ga teng.

4-Misol. 31, 32, 33, 34, 35, 36 sonlar
sistemasi 7 modul bo’yicha
chegirmalarning keltirilgan sistemasini
tashkil eitishini ko’rsating.

Yechilishi. Berilgan sonlardan eng
kichik musbat chegirmalarni tuzamiz:

3,2,6,4,5,1, chunki 32=2 (mod 7),
33=6 (mod 7),3*=4 (mod7),35=5 (mod
7),36=1 (mod 7).

5-Misol. 383175 ni 45 ga bo’lganda
hosil bo’ladigan qoldigni toping.

Yechilishi. 383 = 23 (mod 45)
bo’lganligi uchun 383175 = 23175 (mod
45). Endi ¢(45) = 24 va (23, 45) = 1 dan
Eyler teoremasiga ko'ra:

2324 = 1 (mod 45) ni hosil qgilamiz.
Demak,

23175 = 23247 +7 = (2324)7 . 237 = 17
237 (mod 45).

Shu taxlitda davom etib, 237 =
(232)3-23=343-23=342.34-23=1156
-782= 31-17=527= 32 (mod 45) ni
hosil gilamiz.

Shunday qilib, 383175 = 32 (mod
45). Izlanayotgan qoldiq 32 dan iborat.

6-Misol. x ning har ganday butun
giymatida x7 = x (mod 42) taqqoslamani
to’g'riligini ko’rsating.

Yechilishi. Ferma teoremasiga ko'ra,
x7 = x (mod 7). Endi x7 = x (mod 2 va 3)
ekanligini isbot gilamiz, buning uchun 2
va 3 modullar bo’yicha chegirmalarning
to’la sistemasini, y’ani 0, 1, 2 sonlarni
sinash yetarli.

2025-yil noyabr 5-son

7-Misol. Butun sonning 100-
darajasini 125 ga bo’lganda hosil
bo’ladigan qoldigni toping.

Yechilishi. Agar (a, 5) = 1 bo’lsa, u
holda Eyler teoremasiga ko'ra:

a?(125) = q100 = 1 (mod 125).

Agarda (a, 5) = 5 bo’lsa, u holda a0
= 0 (mod 125).

Demak, agar (a,5) =1 bo’lsa, u holda
izlanayotgan qoldiq 1 ga teng. Agarda
(a, 5) =5 bo’lsa, u holda a'?> soni 125 ga
bo’linadi.

8-Misol. 27 (m -1ni toq m soniga
bo’linganida hosil bo’ladigan qoldigni
toping.

Yechilishi. 29(m)-1=r (mod m), 0 <r
< m bo'lsin. U holda 2?(m =2r=1 (mod

m) yokir= 1Jr%,buyerdaq eZ.0<r<

mq

m shartni g = 1 da yagona I+ giymat

ganoatlantiradi, bu yerdan r = 1+Tm ni
hosil gilamiz.

9-Misol. 341 soni uchun 2341 = 2
(mod 341) taqqoslamaning o’rinli
ekanligini ko'rsating.

Yechilishi. 341 - murakkab son, 341
=11. 31. 25=1(mod31)va210=1
(mod 31) tagqoslamalar o’rinli ekanligini
osongina tekshirish mumkin.

Ferma teoremasiga asosan 210 = 1
(mod 11). 11 va 13 sonlar o’zaro tub
bo’lganligi uchun bu yerdan 21°= 1 (mod
11-31) kelib chigadi, ya’'ni 210 =1 (mod
341). Demak, 2340 = 1 (mod 341) va 2341
= 2 (mod 341) taqqoslamalar o’rinli.
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